An interacting cigar-shaped Bose-Einstein condensate (BEC) inside a driven optical cavity exhibits an intrinsic cross-Kerr (CK) nonlinearity due to the interaction with the optical mode of the cavity. Although the CK coupling is much weaker than those of the radiation pressure and the atom-atom interactions, it can affect the bistability behavior of the system when the intensity of the laser pump is strong enough. On the other hand, there is a competition between the CK nonlinearity and the atom-atom interaction so that the latter can neutralize the effect of the former. Furthermore, the CK nonlinearity causes the effective frequency of the Bogoliubov mode of the BEC as well as the quantum fluctuations of the system to be increased by increasing the cavity driving rate. However, in the dispersive interaction regime the effect of the CK nonlinearity is negligible. In addition, we show that by increasing the s-wave scattering frequency of atomic collisions one can generate a strong stationary quadrature squeezing in the Bogoliubov mode of the BEC.
I. INTRODUCTION
Hybrid systems consisting of Bose-Einstein condensates (BEC) inside optical cavities exhibit by themselves optomechanical proprties [1] [2] [3] [4] . The excitation of a collective mode of BEC couples to the radiation pressure of the cavity optical field just like what happens for the moving mirror in a bare optomechanical system [5] [6] [7] . One of the most important features of such systems is their nonlinear proprties like the Kerr effect [8] [9] [10] .
Recently, it has been proposed [11] and experimentally demonstrated [12] that a cross-Kerr (CK) type of coupling between the moving mirror and the optical field can be realized in a bare optomechanical cavity which is coupled to a Josephson junction. The CK nonlinearity leads to a frequency shift in both the mechanical and optical modes [13] and also affects the stability of the optomechanical system [14] . In addition, it can change the optical bistability of the optomechanical system into a tristable behavior [15] .
On the other hand, a hybrid system consisting of a BEC traped inside an optical cavity exhibits an intrinsic CK nonlinearity if the cavity is driven by a laser pump which is far detuned from the atomic resonance. In spite of bare optomechanical systems, in such hybrid systems there is no need to use any aditional component (like the Josephson junction) to generate the CK coupling because here the CK nonlinearity emerges naturally due to the direct interaction between the atoms and the optical field of the cavity.
In fact, there exist two kinds of coupling between the Bogoliubov mode of the BEC and the optical field: the radiation pressure and the CK coupling. However, the ratio of the CK to the optomechanical coupling is of the * adalafi@yahoo.co.uk order of
where N is the number of atoms. Therefore, in many cases [16] [17] [18] [19] [20] one can neglect the CK term in comparison to the radiation pressure interaction. That is why we have also not considered the effect of this term on the dynamics of the system in our previous papers [21] [22] [23] [24] . In addition to the radiation pressure and CK nonlinearities, there is another kind of nonlinearity which is due to the atom-atom interaction in the BEC which may lead to some interesting phenomena such as the quantum phase transition [25] .
In this work, we are going to investigate under which conditions and in which regimes the effect of CK nonlinearity manifest itself in a hybrid system consisting of a BEC traped inside an optical cavity. We show that it can change the optical bistability behavior of the system specially when the driving rate of the optical cavity is increased. It is also shown that the effective frequency of the Bogoliubov mode of the BEC depends on the mean value of the optical mode through the CK coupling so that the Bogoliubov mode frequency gets larger by increasing the number of intracavity photons. This is one of the main results of our investigation.
Moreover, we show that the CK effects get very small in the dispersive interaction regime where the effective cavity detunig is much larger than the damping rate of the cavity. However, it increases the quantum fluctuations near the bistability region and can also strengthen the atom-field entanglement in a wide range of the cavity detuning. On the other hand, we investigate the nonlinear effect of atom-atom interaction against the CK nonlinearity and show how it neutralizes the CK effects. More importantly, it is shown that in the dispersive regime where the CK effect disappears, a steady-state quadrature squeezing in the Bogoliubov mode of the BEC can be generated by increasing the s-wave scattering frequency of the atom-atom interaction.
The structure of the paper is as follows. In Sec. II we derive the Hamiltonian of the system consisting of a BEC inside an optical cavity, and in Sec. III the dynamics of the system is described. In Sec. IV we study the CK effect on the optical bistability, and in Sec.V we investigate the CK effect on the entanglement and squeezing. Finally, our conclusions are summarized in Sec. VI.
II. SYSTEM HAMILTONIAN
As depicted in Fig.1 , the system we are going to investigate is an optical cavity with length L consisting of a cigar-shaped BEC of N two-level atoms with mass m a and transition frequency ω a confined in a cylindrically symmetric trap with a transverse trapping frequency ω ⊥ and negligible longitudinal confinement along the x direction. An external laser with frequency ω p and wave number k = ω p /c drives the cavity at rate η = 2Pκ/ ω p through one of its mirrors (P is the laser power and κ is the cavity decay rate).
If the laser pump is far detuned from the atomic resonance (∆ a = ω p − ω a exceeds the atomic linewidth γ by orders of magnitude), the excited electronic state of the atoms can be adiabatically eliminated and the atomic spontaneous emission can be neglected [26] [27] [28] . In this way, the dynamics of the system can be described within an effective one-dimensional model by quantizing the atomic motional degree of freedom along just the x axis. In the frame rotating at the pump frequency, the many-body Hamiltonian of the system reads
where Ψ(x) and a are, respectively, the annihilation operators of the atomic field and the cavity mode. In addition, ∆ c = ω p − ω 0 is the cavity-pump detuning where ω 0 is the resonance frequency of the cavity. U 0 = g 2 0 /∆ a is the optical lattice barrier height per photon which represents the atomic backaction on the field, g 0 is the vacuum Rabi frequency, U s = 4π
2 as ma and a s is the two-body swave scattering length [26, 27] .
If the intracavity photon number is so low that the condition U 0 a † a ≤ 10ω R is satisfied where
is the recoil frequency of the condensate atoms, and under the Bogoliubov approximation [28] , the atomic field operator can be expanded as the following single-mode quantum field
where the first term is the condensate mode which is considered as a c-number and the operator c in the second term (the so-called Bogoliubov mode) corresponds to the 
Here, δ c = −∆ c + 1 2 N U 0 is the Stark-shifted cavity frequency due to the presence of the BEC, Ω c = 4ω R + ω sw is the frequency of the Bogoliubov mode, ζ = √ 2N 4 U 0 is the optomechanical coupling between the Bogoliubov and the optical modes, ω sw = 8π a s N/m a Lw 2 is the swave scattering frequency of the atomic collisions (w is the waist radius of the optical mode), and g = 1 2 U 0 is the CK coupling.
As is seen from Eq.(3) there are three kinds of nonlinearity in the Hamiltonian of the system: the radiation pressure interaction between the Bogoliubov mode and the optical field (the fourth term), the nonlinear atomatom interaction (the fifth term), and the CK nonlinearity (the sixth term). The important point is that the manifestation of the nonlinear CK term in the Hamiltonian of the system is due to the direct atom-photon interaction. In other words, it is an intrinsic property of the system.
A comparison between the above-mentioned three nonlinear terms show that the radiation pressure interaction is the most important term in the system because of the large value of the optomechanical coupling parameter ζ. The strength of the atom-atom interaction is determined by the s-wave scattering frequency ω sw whose value can be increased from zero up to several tens of ω R by manipulating the transverse trapping frequency ω ⊥ which can change the waist radius of the optical mode w [36] .The CK term whose strength is determined by the CK coupling parameter g = U 0 /2 has the weakest effect among the others. In fact the ratio of the CK coupling to the optomechanical coupling is of the order of
. So, for very large values of N the CK term is negligible in comparison to the radiation pressure and atom-atom interactions. That is why in the previous works [21] [22] [23] [24] this term has been disregarded.
III. DYNAMICS OF THE SYSTEM
The dynamics of the system described by the Hamiltonian in Eq. (3) is fully characterized by the following set of nonlinear Heisenberg-Langevin equationṡ
Here γ characterizes the dissipation of the Bogoliubov mode of the BEC. The optical field quantum vacuum fluctuation δa in (t) satisfies the Markovian correlation functions, i.e., δa
with the average thermal photon number n ph which is nearly zero at optical frequencies [29] . Furthermore, δc in (t) is the quantum noise input for the Bogoliubov mode of the BEC which also satisfies the same Markovian correlation functions as those of the optical noise [30] . The noise sources are assumed uncorrelated for the different modes of both the matter and light fields.
In order to linearize the nonlinear set of equations (4) one can expand the quantum operators around their respective classical mean values as a = α+δa and c = β+δc where δa and δc are small quantum fluctuations around the mean fields α and β. In this way, a set of nonlinear algebraic equations for the mean-field values and another set of linear ordinary differential equations for the quantum fluctuations will be obtained. The steady-state mean-field values are obtained as follows
where ∆ = δ c +2β R ζ+g|β| 2 with β R being the real part of the complex mean field β, and Ω (±) = Ω c ± 1 2 ω sw + g|α| 2 . On the other hand, by introducing the optical field and the Bogoliubov mode quadratures as
the following linearized set of ordinary differential equations is obtained for the quantum fluctuations
where δu(t) = [δX, δY, δQ, δP ] T is the vector of continuous variable fluctuation operators and
T is the corresponding vector of noises. The 4 × 4 matrix A is the drift matrix given by
where the new parameters in the drift matrix of Eq. (8) have been defined in terms of the real and imaginary parts of the optical and atomic mean fields as follows
The solutions to Eq. (7) are stable only if all the eigenvalues of the matrix A have negative real parts. The stability conditions can be obtained, for example, by using the Routh-Hurwitz criteria [31] .
Based on the dynamical equations (7), the quadratures of the Bogoliubov mode of the BEC oscillate effectively with the frequency ω B = √ Ω (+) Ω (−) which is given by
(10) Based on Eq.(10), the effective frequency of the Bogoliubov mode depends not only on the s-wave scattering frequency of the atom-atom interaction (ω sw ) but also on the mean number of interacavity photons (|α| 2 ) which is due to the presence of the CK nonlinearity. In the absence of the CK nonlinearity (g = 0), the effective frequency of the Bogoliubov quadrature reduces to the Bogoliubov frequency in the absence of the CK nonlinearity ω c = ω B | g=0 which had been obtained in the previous works [21] [22] [23] [24] .
IV. EFFECT OF THE CK NONLINEARITY ON OPTICAL BISTABILITY
In this section we show how the CK nonlinearity affects the bistability behavior of the system. For this purpose we analyse our results based on the experimentally feasible parameters given in [1, 2] ,i.e., we assume there are N = 10 5 Rb atoms inside an optical cavity of length L = 187µm with bare frequency ω 0 = 2.41494 × 10
15 Hz corresponding to a wavelength of λ = 780nm. The atomic D 2 transition corresponding to the atomic transition frequency ω a = 2.41419 × 10
15 Hz couples to the mentioned mode of the cavity. The atom-field coupling strength g 0 = 2π × 14.1MHz and the recoil frequency of the atoms is ω R = 23.7KHz. Furthermore, we assume that the equilibrium temperature of the BEC is T = 0.1µK. For these set of experimental data the the CK coupling parameter is three orders of magnitude smaller than the optomechanical coupling parameter (g ≈ 0.004ζ). In Fig.2 we have plotted the mean number of intracavity photons versus the normalized detuning δ c /κ for two values of the external laser driving rate η = κ [ Fig.2(a) ] and η = 2κ [ Fig.2(b) ] when the s-wave scattering frequency has been fixed at ω sw = ω R . The red (blue) line corresponds to the absence (presence) of the CK nonlinearity. As is seen from Fig.2(a) for a driving rate of η = κ the two curves (red and blue lines) overlap with each other completely. It means that for small driving rates the presence of the CK nonlinearity cannot affect the bistability of the system. However, by increasing the intensity of the pump laser at a fixed value of ω sw the effect of the CK nonlinearity manifest itself specifically in the bistabilty region. This can be seen in Fig.2(b) where the two curves are resolved from each other in the bistability region.
On the other hand, the nonlinear effect of atom-atom interaction can neutralize the effect of CK nonlinearity. In order to illustrate this procedure, in Fig.3 the mean number of intracavity photons has been plotted versus the normalized detuning δ c /κ for two values of ω sw = 5ω R [ Fig.3(a) ] and ω sw = 10ω R [ Fig.3(b) ] when the pump rate has been fixed at η = 2κ. The red (blue) line corresponds to the absence (presence) of the CK nonlinearity. As is seen, for a fixed pump rate by increas- ing the s-wave scattering frequency from ω sw = ω R in Fig.2(b) to ω sw = 5ω R in Fig.3(a) the two curves get nearer to each other. Finally, by increasing the s-wave scattering frequency up to ω sw = 10ω R in Fig.3(b) the CK effect is completely neutralized by the atom-atom interaction and therefore the two curves overlap completely.
In the previous section, it was shown how the presence of the CK nonlinearity causes the effective frequency of the Bogoliubov mode (ω B ) to be dependent on the mean number of interacavity photons [Eq. (10)]. Due to the dependence of |α| 2 on the effective cavity detuning δ c (as depicted in Figs.2 and 3) , the effective Bogoliubov frequency also depends on δ c . In Fig.4 the normalized effective Bogoliubov frequency (ω B /ω c ) has been plotted versus the normalized detuning δ c /κ for the external laser pump rate η = 2κ and ω sw = ω R . As is seen from Fig.4 , far away from the bistability region where |δ c | ≫ κ the effective Bogoliubov frequency (ω B ) gets near to the Bogoliubov frequency in the absence of the CK nonlinearity (ω c ) while near the bistability region where 3κ < δ c < 9κ the effective Bogoliubov frequency has the maximum deviation from ω c because in this region the mean field of the optical mode has the maximum value as has been shown in Fig.2(b) .
In order to examine the bistability behavior in terms of the pump laser rate, in Fig.5(a) we have plotted the mean number of intracavity photons versus the normalized pump laser rate η/κ for δ c = 5κ and ω sw = ω R . The red (blue) line corresponds to the absence (presence) of the CK nonlinearity. As is seen, for small values of the pump laser rate when the system is in the lower branch the two curves overlap while for large pump rates when the system is in the upper branch the two curves are resolved from each other. It means that for a specified detuning the effect of CK nonlinearity manifests itself when the driving laser becomes more intensive. That is also why in Fig.2 (a) the two curves overlap. In Fig.5 (b) the normalized effective Bogoliubov frequency (ω B /ω c ) has been plotted versus the normalized laser pump rate η/κ for detuning δ c = 5κ and ω sw = ω R . As is seen, for η < 1.5κ the CK nonlinearity does not change the effective Bogoliubov frequency so that ω B ≈ ω c (corresponding to the lower branch in Fig.5(a) ). At the threshold of the bistability where η ≈ 1.5κ the effective Bogoliubov frequency makes a sudden jump and its value increases by 10 percent due to the effect of the CK nonlinearity. Beyond the threshold, the deviation of the effective Bogoliubov frequency from ω c increases by increasing the pump rate.
V. EFFECT OF THE CK NONLINEARITY ON ENTANGLEMENT AND SQUEEZING
In the previous section we studied the effect of the CK nonlinearity on the mean-field values of the system. In this section we will show how the quantum fluctuations and correlations of the system may be affected by the presence of the CK nonlinearity when the system reaches to the stationary state. Due to the linearized dynamics of the fluctuations and since all noises are Gaussian the steady state is a zero-mean Gaussian state which is fully characterized by the 4 × 4 stationary correlation matrix (CM) V , with components V ij = δu i (∞)δu j (∞)+ δu j (∞)δu i (∞) /2. Using the quantum Langevin equations [Eq. (7)], one can show that V fulfills the Lyapunov equation [32] AV
where
is the diffusion matrix with
as the mean number of thermal excitations of the Bogoliubov mode in the presence of the CK nonlinearity (in the absence of CK, ω B should be substituted for ω c ). The Lyapunov equation (11) is linear in V and can straightforwardly be solved. By solving Eq. (11) we can obtain the matrix V which gives us the second-order correlations of the fluctuations. At first, we examine the atom-field entanglement which is calculated by the logarithmic negativity [33] :
is the lowest symplectic eigenvalue of the partial transpose of the matrix V which can be written as
with CK nonlinearity and Σ(V ) = detA + detB − 2detC. In Fig.6 the atom-field entanglement has been plotted versus the normalized detuning δ c /κ in the presence (blue line) and in the absence (red line) of the CK nonlinearity for the pumping rate η = 7κ and the s-wave scattering frequency ω sw = ω R , in the the rage of δ c where the system is stable. As is seen, the CK nonlinearity increases the atom-field entanglement to some extent for a wide range of the effective detuning δ c . It is similar to what happens in the bare optomechanical systems where the presence of the CK nonlinearity strengthen the entanglement between the moving mirror and the optical field as has been recently shown in Ref. [35] . In the present hybrid system the effect of the CK nonlinearity on the atom-field entanglement is very weak for small pumping rates.
On the other hand, the nonlinear atom-atom interaction, i.e., the fifth term in Eq. (3), is analogous to the interaction Hamiltonian of a degenerate parametric amplifier (DPA). In a DPA a pump beam generates a signal beam by interacting with a χ (2) nonlinearity. This process has long been considered as an important source of the squeezed state of the radiation field [34] . As has been shown in Ref. [22] , an interacting BEC behaves as a socalled "atomic parametric amplifier" (APA) in which the condensate acts as an atomic pump field and the Bogoliubov mode plays the role of the signal mode in the DPA. Also, the s-wave scattering frequency of atom-atom interaction plays the role of the nonlinear gain parameter.
In the very simplified model studied in Ref. [22] where the cavity is not driven continuously by a pump laser, it was shown how a squeezed state can be generated disregarding all damping processes. Here, we would like to show that in a realistic model where the cavity is driven by an external pump laser and in the presence of all damping processes, one can generate a steady-state quadrature squeezing in the Bogoliubov mode of the BEC through the interatomic interactions. In addition, we investigate the effect of the CK nonlinearity on the quan- tum fluctuations and also on the squeezing behavior of the system. As is well known, for a single-mode quantum field with quadratures q and p obeying the commutation relation [q, p] = i, the degree of squeezing is defined in terms of the squeezing parameters S q = 2 (∆q) 2 − 1 and S p = 2 (∆p) 2 − 1 where (∆q) 2 = q 2 − q 2 and (∆p) 2 = p 2 − p 2 are the quantum uncertainties. Whenever S i < 0(i = p, q), the corresponding state is a squeezed one.
Based on the experimental data of Refs. [1, 2] , our numerical results show that the stationary squeezing is possible just for the quadrature δQ of the Bogoliubov mode whose squeezing parameter S Q is calculated from the following equation
Furthermore, the incoherent excitation number of atoms in the Bogoliubov mode is calulated as
The incoherent excitation number of atoms in the Bogoliubov mode and the squeezing parameter of the quadrature δQ have been, respectively, plotted in Figs.7(a) and 7(b) versus the normalized detuning δ c /κ for η = 2κ and ω sw = ω R in the presence (blue line) and in the absence (red line) of the CK nonlinearity. As is seen, the quantum fluctuations in the excitation number of the Bogoliubov mode as well as the squeezing parameter S Q diverge near the bistability region. The presence of the CK nonlinearity increases the slope of the curve and make the fluctuations diverge more rapidly. However, in the dispersive regime where |δ c | ≫ κ the quantum fluctuations fade away so that δc † δc as well as S Q tend to zero both in the presence and in the absence of the CK nonlinearity.
Therefore, the effects of the CK nonlinearity are appeared in the nondispersive regime where |δ c | ≈ κ while in the dispersive regime neither the mean fields nor the quantum fluctuations are affected by the CK nonlinearity. Instead, the nonlinear atom-atom interaction can change the properties of the system in both regimes.
To verify this result more clarly, in Fig.8 , we have plotted the squeezing parameter S Q of the quadrature δQ of the Bogoliubov mode of the BEC versus the normalized s-wave scattering frequency ω sw /ω R for δ c = −15κ and η = 5κ. As can be seen, the blue and red lines corresponding to the presence and absence of the CK nonlinearity have a complete overlap because the system is in the dispersive regime. In the range of those values of ω sw considered in Fig.8 the system is stable and the Bogoliubov approximation as well as the single mode condition of the BEC is fulfiled. As is seen, the degree of squeezing is increased by increasing the s-wave scattering frequency so that for ω sw > 30ω R the degree of squeezing reduces to S Q < −0.3.
Although the nonlinear atom-atom interaction leads to squeezing of the matter field of the BEC, it cannot cause the quadrature squeezing of the optical field of the cavity. However,one can control the squeezing of the Bogoliubov mode of the BEC by the s-wave scattering frequency of atom-atom interaction which itself is controllable through the transverse trapping frequency ω ⊥ [36] . Since the quadrature squeezing occurs in the dispersive regime, it is not affected by the CK nonlinearity which manifests itself jut in the nondispersive regime.
VI. CONCLUSIONS
In conclusion, we have studied a driven optical cavity containing a cigar-shaped BEC. In the weakly interacting regime, where just the first two symmetric momentum side modes are excited by the fluctuations resulting from the atom-light interaction, the BEC can be considered as a single mode quantun field in the Bogoliubov approximation. In this way, the Bogoliubov mode of the BEC is coupled to the optical field in two ways: the radiation pressure interaction and the CK coupling.
Although the CK coupling is much weaker than those of the radiation pressure and the atom-atom interactions, it manifests its effect when the intracavity optical field is strong enough (when the driving rate of the cavity is increased). The most important outcome of the CK nonlinearity is that the Bogoliubov frequency of the BEC is dependent on the mean value of the optical field which leads to a change of bistability behavior. On the other hand, the nonlinear effect of atom-atom interaction neutralizes the CK effect when the s-wave scattering frequency is increased.
Furthermore, the CK nonlinearity causes the quantum fluctuations of the system to be increased more rapidly near the bistability region. However, in the dispersive regime where the CK effect disappears, a steady-state quadrature squeezing in the Bogoliubov mode of the BEC can be generated by increasing the s-wave scattering frequency of the atom-atom interaction.
